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Abstract 

We study = 1 dualities in four dimensional supersymmetric gauge theories in 
terms of wrapping D 6-branes around 3-cycles of Calabi-Yau threefolds in type IIA 
string theory. We generalize the recent work of geometrical realization for the models 
which have the superpotential corresponding to an Ak type singularity, to various models 
presented by Brodie and Strassler, consisting of -0^+2 superpotential of the form W = 
TtX^^^ -{-TtXY"^ . We discuss a large number of representations for the field Y, but with 
X always in the adjoint (symmetric) [antisymmetric] representation for SU{SO)[Sp] 
gauge groups. 
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1 Introduction and Geometrical Setup 



String theory interprets many nontrivial aspects of four dimensional supersymmetric 
field theory by exploiting T-duality on the local model for the compactification manifold. 
There are two approaches to describe this local model. 

Approach I) is to consider the local description as purely geometric structure of 
compactification manifold together with D-branes wrapping around cycles ^ |^. The 
compactification of F-theory on elliptic Calabi-Yau(CY) fourfolds from 12 dimensions 
leads to = 1 supersymmetric field theories in four dimensions. It has been studied 
in for the case of pure SU{Nc) Yang- Mills gauge theory, that the gauge symmetry 
can be obtained in terms of the structure of the D 7-brane worldvolume. By adding 
some numbers of D 3-branes and bringing them near the complex 2-dimensional surface 
(which is the compact part of D 7-brane worldvolume), the local string model gives rise to 
matter hypermultiplets in the fundamental representation with pure SU (Ac) Yang- Mills 
theory 0]. Moreover, Seiberg's duality for the A^ = 1 supersymmetric field theory 
can be mapped to T-duality exchanging the D 3-brane charge and D 7-brane charge. 
For the extension of 5*0 (Ac) and Sp{Nc) gauge theories 0, |^ coupled to matter, the 
local string models are type IIB orientifolds, for which T-duality symmetry applies, with 
D 7-branes on a curved orientifold 7-plane 

Approach II) which is T-dual to the approach I is to interpret A = 1 duality for 
SU (Ac) gauge theory as D-brane description together with NS 5-branes in a flat geom- 
etry [0 according to the approach of [Q. Extension of this to the case of SO{Nc) and 
Sp{Nc) gauge theories with flavors was presented in by adding an orientifold 4-plane. 
The generalization to the construction of product gauge groups SU (Nc) x SU{N'^) with 



matter fields is given in ||I0| |11|] by suspending two sets of D 4-branes between three NS 
5-branes. See also the recent paper [0 dealing with SO{Nc) x Sp{N^) product gauge 
group. 
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Ooguri and Vafa have considered in |]T3| that = 1 duahty can be embedded 



into type IIA string theory with D 6-branes, partially wrapped around three cycles 
of CY threefold, filling four dimensional spacetime. They discussed in the spirit of 0, ^ 
what happens to the wrapped cycles and studied the relevant field theory results when 
a transition in the moduli of CY threefolds occurs. Furthermore, they reinterpreted 
the configuration of D-branes in the presence of NS 5-branes as purely classical 
geometrical realization. 

It is natural to ask how a number of known field theory dualities which contain 
additional field contents arise from two different approaches we have described so far. 



Recently, it was obtained in flj] according to the approach I that one can generalize the 
approach of []T3| to various models, consisting of one or two 2-index tensors and some 
fields in the defining representation (fundamental representation for SU (Nc) and Sp{Nc), 
vector representation for SO{Nc)), presented earlier by many authors [jl5|, |16|, |18[ and 
study its geometric realizations by wrapping D 6-branes about 3-cycles of CY threefolds. 
On the other hand, very recently by introducing a multiple of coincident NS 5-branes 



and that of NS' 5-branes, it was argued that SU{Nc) gauge theory with one or two 
adjoints superfields in addition to the fundamentals can be obtained. Moreover, SO{Nc) 
gauge group with an adjoint field and Nj vectors was described in terms of a multiple 
of coincident NS 5-branes and a single NS' 5-brane with orientifold 4- plane ( similarly 
Sp{Nc) with a traceless antisymmetric tensor and Nf flavors by adding orientifold 6- 
plane). See also the relevant paper pO[ analyzing the brane configurations associated 



with field theories in various dimensions. 

In this paper, we apply the approach I to the various models presented by Brodie and 



Strassler [^, consisting of -Da;+2 superpotential with SU, SO and Sp gauge groups along 



the line of [|I4|. We discuss a large number of representations for the field Y, but with X 



always in the adjoint (symmetric) [antisymmetric] representation for SU{SO)[Sp] gauge 
groups. The superpotentials are given hjW = TtX'^^^ + TiXY^ in the three cases while 
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those in other two cases have different forms that will appear later. 



We will review the main geometrical setup of |T3|, Q in the remaining part of this 



section. Let us start with the compactification of type IIB string theory on the CY 
threefold leading to = 2 supersymmetric field theories in 4 dimensions. Suppose 
various D 3-branes wrapping around a set of three cycles of CY threefold. It is known 



22| that whenever the integration of the holomorphic 3-form on the CY threefold around 
three cycles takes the form of parallel vectors in the complex plane, such a D 3-brane 
configuration allows us to have a BPS state. Then after we do T-dualizing the 3-spatial 
directions of three torus we obtain type IIA string theory with D 6-branes, partially 
wrapping around three cycles of CY threefold, filling 4 dimensional spacetime. We end 
up with = 1 supersymmetric field theories in 4 dimensions. 



The local model of CY threefold can be described by |2^, [T^ five complex coordinates 
x,y,x',y' and z satisfying the following equations: 

i j 

where each of C*'s is embedded in (x, ?/)-space and (x', y')-space respectively over a 
generic point z. This describes a family of a product of two copies of one-sheeted hyper- 
boloids in {x, y)-space and (x', ?/')-space respectively parameterized by the ^-coordinates. 
For a fixed z away from and bj there exist nontrivial S'^'s in each of C*'s corresponding 
to the waist of the hyperboloids. Notice that when z = ai or z = bj the corresponding 
circles vanish as the waists shrink. Then we regard 3 cycles as the product of x 
cycles over each point on the 2;-plane, with the segments in the 2;-plane ending on or bj. 
When we go between two a^'s (&j's) without passing through bj (ai) the 3 cycles sweep 
out S"^ X S^. On the other hand, when we go between and bj the 3 cycle becomes S^. 
We will denote the 3-cycle lying over between a, and bj by [ai, bj] and also denote other 
cycles in a similar fashion. 



In order to study SO{Nc) and Sp{Nc) gauge theories, as done in|T^, consider the 
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local model of the CY threefold given by 

+ y'^ = -Y[{z - ai){z - a'), x''^ + y''^ = -z 

i 

where a^'s and a' are real numbers with ai < 02 < ■ ■ • < Ofc < < a'. It is easily checked 
that the S"^ x associated with [aj_i,aj] for i < k is realized either by real values 
for x,y,x',y',z or by purely imaginary values for x,y,x',y' but real values for z. Also 
note that the associated with [a^, 0] is realized by taking the real values of x, y, x', y' 
and z while the associated with [0, a'] is realized by taking the imaginary values of 
x, y, x' and y' and real values for z. In next section we will describe our main results by 
exploiting this geometrical setup. We will start with by writing down the configurations 
of ordered points in the real axis of z-plane to various models we are concerned with. 



2 Geometrical Realization of = 1 Duality 

Let us consider particular = 1 supersymmetric field theories and see how their N = 1 
dualities arise from the configurations of ordered points after the transition in moduli 
space of CY threefolds. 



1) SU{Nc) with two adjoint fields and Nf fundamental flavors P^, |21|: 



We study supersymmetric Yang-Mills theory with gauge group SU{Nc) coupled to 
two chiral matter superfields X and Y which transform under the adjoint representation 
of SU{Nc), Nf fundamental chiral multiplets and Nf antifundamental multiplets Qj 
where i,i = 1, ■ ■ ■ , Nf. The superpotential is TiX^^^ + TiXY^ where k is odd. We will 
discuss every steps for this case in detail while the other cases will be explained very 
concisely. Let us consider the configuration of points ordered as 

^ai, 6i, 62, ^3, ^'1, ^21 ■ ■ ■ 1 ^ 3(fc~i) , b'{, 62, ■ ■ • , & 3(fc-i) , ^2^ 
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where it is understood that when k = 1 the only points of bi, 62 and 63 appear between 
Oi and a2- Suppose that we wrap Ni D-branes around the cycle [ai,6j], Nj D-branes 
around the cycle and N" D-branes around for each i,j and / such that 

3(fc-l) 

X)f=i Ni + Y^j=l {Nj + Nj) = Nc- Each of them has Nf D-branes around the cycles 
[64,02], [6j-,a2] and [6;',ci2] for i,j and / respectively. 

We now proceed the case of /c = 1 for simplicity and discuss how the = 1 duality is 
realized geometrically by D-brane picture from our above proposed configuration. There 
are two points ai and 02 along the real part of z-plane where the first C* degenerates 
and three points bi , 62 and 63 along the real axis between ai and 02 where the second 
C* degenerates. Now we have five ordered special points (ai, 61, 62, 63, 02) along the real 
axis. Then the three cycle [ai,6i] lying between ai and bi is and the three cycle 
[61,62] lying between 61 and 62 is x S"^. Thus the three cycle [01,62] is a bouquet of 
5*^ and x S"^ joined together at 2; = 61. We wrap Ni D-branes around the three cycle 
[tti, bi] for each i = 1, 2, 3 such that J2i=i Ni = N^ (because in the limit of 61 63 and 
62 63 this system should be consistent with Nc D-branes around the cycle [ai, 63]) and 
Nf D-branes around the three cycle [bi, 02] for each i where we assume that 3A^/ > A^^^. 

Now we would like to move to other point in the moduli of CY threefolds and end 
up with the configuration in which the degeneration points are along the real 2;-axis 
except that the orders are changed from (01,61,62,63,02) to (61,62,63,01,02). As done 
in |[T3| , p^ , first of all we push the point 61 up along the imaginary direction since we 
have the freedom to turn on a Fayet-Iliopoulos(FI) D term. Then (A'^i + A'2 + ^3) of 
D-branes connect directly between (oi, 62) and (A^2 + Nf + N3 — Ni — N2 — N^) of D- 
branes go between (61, 62). We continue to move 61 along the negative real axis, pass the 
x-coordinate of Oi and push down it to the real axis. At this moment, the {Nf — Ni) 
D-branes which were between (61, 62) decompose to {Nf — A^'i) D-branes between (61, oi) 
and {Nf — A'^i) D-branes between (01,62) which amounts to the decomposition of the 
three cycle [61,62] into a bouquet of two 3-cycles of S^. The (A^i + A^2 + ^^3) D-branes 
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which were going between (ai, 62) will recombine with the newly generated (Nf — Ni) D- 
branes ending up with the total of (A^/ + A^2 + -^3) D-branes along [ai, 62] cycle. Similarly 
we do push the point ^2 in turn and move it between bi and ai. Then {Nf + A''2 + N^) of 
D-branes connect directly between (ai, 63) and {2Nf + N3 — Nf — N2 — N3) of D-branes 
go between (62, bs). We can see that the {Nf — N2) D-branes which were between (62, bs) 
decompose to {Nf — N2) D-branes between (62,01) and {Nf — N2) D-branes between 
(ai, 63). The {Nf + N2 + N^) D-branes which were going between (ai, 63) do recombine 
with the new {Nf — N2) D-branes ending up with the total of {2Nf + N^) D-branes 
along [0.1,63] cycle. Of course, there are {2Nf — Ni — N2) D-brancs between {b2,ai) 
due to the two contributions from {Nf — Ni) D-branes between (61, ai) ( which can be 
decomposed into again {Nf — Ni) D-branes between (61,62) and those between (62,01) 
) and {Nf — N2) D-branes between (62,01). Finally, we push the point 63 and move it 
between 62 and ai. Then {2Nf + N3) of D-branes connect directly between (oi, 02) and 
(3A^/ ~ N^ — 2Nf ) of D-branes go between (63, 02). It is easy to sec that the {Nf — N^) 
D-branes which were between (63, 02) decompose to {Nf — N^) D-branes between (63, Oi) 
and {Nf — N^) D-branes between (01,02). Then the {2Nf + N^) D-branes which were 
going between (oi, 02) will recombine with the new {Nf — N^) D-branes allowing us to 
get the total of 3A^/ D-branes along [oi, 02] cycle. There exist {SNf — Ni— N2 — N^) D- 
branes wrapping around [63, oi] coming from {2Nf — Ni— N2) D-branes between (62, Oi) 
( that will be decomposed into the same number of D-branes between (62, 63) and (63, oi) 
) and {Nf — N^) D-branes between (63,01). 

The final configuration by putting all together is a configuration of points ordered 
as (61, 62, 63, oi, 02) with {Nf — Ni) D-branes wrapped around [61, 62], {2Nf — Ni — N2) 
D-branes wrapped around [62,63], {SNf — J2i=iNi) D-branes wrapping around [63,01] 
and 3Nf D-branes wrapped around [01,02]. Notice that the number of D-branes along 
the cycle [63, 02] in the original configuration of (oi, 61, 62, 63, 02) in the moduli space of 
CY threefolds are the same of those along the cycle [01,02] after we moved the points 
61,62 and 63. In the limit 61 63 and 62 63, this is exactly the dual magnetic 
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description of the original theory. The gauge group [0, |21| is SU{Nc) = SU{3Nf — Nc) 
since J2i=i Ni = Nc- This is a marginal deformation of = 3 duality of |jl5| clarifying 



the correspondence between D3 and A3 type singularities. In addition to the Nj flavors 
of dual quarks q^,(l^ and adjoint dual superfields X andF we have three singlet chiral 
superfields Mj which interact with the dual quarks through the superpotential in the 
magnetic theory. 

We expect that for general value of k, the above procedure can be done similarly. 
The final configuration after all the 6j, b'j and 6J"s are moved to the left of Oi keeping the 
order of them we get is a configuration of points ordered as 

{bi, 62, h, b[, 62, • ■ • , b 'sjk-i) , b", 62, • ■ • , ^ 3(fc-i) , oi, 02) 

2 2 

with {Nf — Ni) D-branes wrapped around [bi, 62], (2iV/ — A'"! — N2) D-branes wrapped 

3{fc— 1) 3(fc— 1) 

around [62, f's], ■ • ((3A; - l)Nf - E-=i Ni - Ejl^ N'j - E/I? ^ N'/) D-branes around 

[feVii _^ , ], (3A;iV/-ELi N.-EjJ^ {N'^+N^j')) D-branes wrapped around [{>Vi) , «i] 

2 2 2 

and 3A;A^/ D-branes wrapped around [ai, 02]. In the limit of bi, b'j, b'l b's^^-i) , the gauge 

2 

group SU (Nc) = SU {SkNf — Nc) appears. In this case there are also 3k singlet fields, 
Mij{i = 1, - ■ ■ ,k and j = 1, 2, 3) coupled to the magnetic quarks. 

2) SO{Nc) with two symmetric tensors and Nf vectors {Sp{Nc) with two 
antisymmetric tensors and Nf flavors) 

We discuss supersymmetric Yang-Mills theory with gauge group SO{Nc) where the 
fields X and Y are in the ^^^^^^^^ _ i traceless symmetric tensor representation of 
SO{Nc) and Nf fields are in the Nc dimensional vector representation of SO{Nc) 
(i = 1, ■ • ■ , Nf). The superpotential is TtX^^^ + TrXl"^ where k is odd. Let us study 
the configuration of points ordered as 

(^ai, a2, as, a[, a'2, ■ ■ ■ , al-i, a'l, a'i-, " ■ " ) ^fc-ii 0, a'^ 
where and a" are present for > 3. Suppose we consider 4^ =F 2 D-brane charges 



around the cycle [a^, 0], =F 2 D-brane charges around the cycle [a^-, 0] and =1= 2 D- 
brane charges around [af , 0] for each i, j and / such that J2f=i Ni + Yl^ZliNj + N'-) = Nc- 
There are also D-brane charges on the [0, a'] cycle of ^ for each i and for each j 
and / after the action of the orientifolding on the D-branes. 

Let us first analyze the simplest case for the case of = 1. That is the configuration 
points of ordered as (ai, 02, (23, 0, a'). We wrap A^i D-branes around [ai, 0], N2 D-branes 
around [02 , 0] and A'3 D-branes around [03 , 0] . Each of them has Nf D-branes around 
[0, a'] such that Ni = which can be understood that the number of D-branes 
on the cycle [(23,0] should be Nc as ai and 02 get close to 03. Now the conjugation 
{x,y,x' ,y'z) {x* ,y* ,x'* ,y'* , z*), together with exchange of left- and right-movers on 
the world sheet, will produce an orientifolding of the above configuration. The conju- 
gation preserves the above equation for a, and a' real. In view of type I' theory, these 
D-branes must be counted as ^ and ^ D-branes after orientifolding since the orien- 
tifolding leaves these cycles invariant. Therefore we get D-brane charges of the [aj,0] 
cycle of ^ =F 2. Here the factor =i=2 is due to a contribution from the orientifold plane 
in addition to the physical D-branes. The upper sign corresponds to the SO{Nc) gauge 
group and the lower one does the Sp{Nc) gauge group. 

By passing the point a-^ through the point directly along the real axis due to the 
fact that this operation should keep the orientifolding, the D-brane charge gets changed 
to the value of ^ — ^ ± 2 on [0, 03] where we assumed Nj > A''3 =i=4. Next we move the 
point a2 to the positive real axis. The D-brane charge changes to the value of — ^ ± 2 
on [0, 02]. The final configurations after we move ai are given by the (-^±2) D-brane 
charge on [0, ai], ( — ^±2) D-brane charge on [0, 02], (^ — ^±2) D-brane charge around 
[0, 03], ^ D-brane charge on [a^, a'] and two ^ D-brane charges on [0, a']. Recombining 
the last two ^ D-branes into the D-branes around [0, a^] cycle and taking the limit of 
tti — * 03 and a2 as, it leads to — ^ — ^ — ^ + 6 that shows our expression for 
the magnetic dual group for /c = 1 case, SO{Nc) = S0{3Nf — Nc + 12) since there 
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is no orientifold plane for ai{i = 1,2,3) > and all these D-brane charges are physical 
D-branes. There exist also D-branes on [03,0']. The fields X and its dual X are 
massive and can be integrated out. This gives a quartic superpotential for Y and its 
magnetic dual Y which are related to A3 type singularity appeared in |]T6|, |18|. For the 
case of Sp group with two antisymmetric tensors and Nf fiavors, by recognizing that 
in the convention of [jl8| the symplectic group whose fundamental representation is 2Nc 
dimensional as Sp{Nc) and a fiavor of it has two fields in the fundamental representation 
therefore 2Nf fields we obtain 2Nc = 3{2Nf) — 2Nc — 12 which gives rise to the following 
dual description Sp{Nc) = Sp{3Nf — Nc — 6). 

For general value of k, the final configurations, after we moved all the ai,a'j and 
aj"s to the right of the position of zero by successively doing similar things for the 
previous case, are given by the { — ^ ± 2) D-brane charge on [0,aj], the ( — i 2) D- 

N" 

brane charge on [0,a^], the ( — j- ±2) D-brane charge on [0,af] for 1 < / < A; — 2, 
- i(ELi Ni + E^jZliN'. + ATj')) ± 2(2A; + 1)) D-brane charge around [0, a'^^J and 
^hEl D-brane charge on [a'l,_i, a']. Here the factor of ^hEl comes from the contributions 
of the sum of and _ the limit of ai,aj,a'i' o-k-i^ S^t the magnetic 

dual group, SO{Nc) = S0{3kNf — Nc + 4:{2k + l)). By similar reasoning for the counting 
of dimension and number of fields of A; = 1, we obtain the magnetic dual gauge group 
for symplectic group as Sp{Nc) = Sp{3kNf — Nc — 2{2k + 1)). 

3) SO{Nc) with a symmetric tensor and an adjoint field and Nj vectors 
{Sp{Nc) with an antisymmetric tensor and an adjoint field and Nj vectors) 

We analyze supersymmetric Yang-Mills theory with gauge group SO{Nc) where the 
field X is in the ^"^^^'^^^ _ 1 dimensional symmetric tensor representation of SO{Nc), 
the adjoint field Y is in the dimensional antisymmetric tensor of SO{Nc) and 

Nf fiavors are in the Nc dimensional vector representation of SO{Nc) {i = 1, ■ ■ ■ , Nf). 
The superpotential is TrX'^+^-|-TrXF^ where k is odd. Let us consider the configuration 
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of points ordered as 

(bi, ai, a[, • ■ • , a'k_i, a", ■ • ■ , o-k-n 0, a'^ . 

After orientifolding, the net D-brane charge of [ai,0] cycle becomes ^ =F 2 and that of 
[0, a'] cycle is ^ and we bring other D-branes to the left hand side of the point ai in the 
real axis whose D-brane charges of [61, 0] cycle are A'^i and that of [0,a'] cycle are Nf. 

N'- N" 

There are also (-^ =F 2) D-brane charges around the cycle [a'j,0] and (-^ =F 2) D-brane 
charges around [a[', 0] for each j and / such that A^o + 2A^i + EjZl {N- + N'-) = N^. There 
are also D-brane charges on the [0, a'] cycle of for each j, I after the action of the 
orientifolding on the D-branes. 

For simplicity, we will start with the case of = 3 ( Remember that for the case 
of A; = 1, the configuration for the magnetic theory was —Ni D-brane charge around 
the cycle [0,6i], — ^ ± 2 on [0,ai] and on [ai,a']. We have seen that this 
duality was given in H^, |18[ already ) which is the configuration of points ordered as 
(61, tti, a[, a'2, a'l, a'g, 0, a'). We push the point bi, ai, a[ and a^"s along the real axis to the 
right and pass the point 0. In order to count the number of D-branes wrapping around 
cycles we use the D-brane charge conservation and the orientation of the D-branes. Then 
we get the {—^ ± 2) D-brane charge on [0, ai], • ■ ■, the ( — ± 2) D-brane charge on 
[0,a'/], C-T- - l{2Ni + E?=i(A^j + N^')) ± 10) D-brane charge around [0,^] and ^ 
D-brane charge on [03, a']. Next we move the point bi along the real axis from negative 
to positive values. The D-brane charge on [0, bi] is —Nq due to the orientation. The Nf 
D-branes which were going between (0, a') can be decomposed into Nf D-branes between 
(0,02) and Nf D-branes between (a2,a'). Therefore the final picture we end up with 
is that there are —Nq D brane charge on (0,6i), (— ^ ± 2) D-brane charge on [0,ai], 
■ ■ -, - |(A'o + 2Ni + E?=i(Aj + A/)) ± 10) D-brane charges on (0, <) and ^ on 
(a2,a'). In the limit of f)i,ai,a-,aj Og, the magnetic dual group can be written as 
SO{Nc) = S0{9Nf - Ac + 20). By twicing the Nf and N^ and dividing by two which 
leads to ^^"^^^^ we get Sp{N^ = Sp{9Nf — Nc — 10) for the symplectic group. 
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For the general value of A; > 5, the final configuration is that there are — A^o D 
brane charges on (0,6i), ( — ^ ± 2) D-brane charge on [0,ai], ■ • ■, ( — ^ ± 2) D-brane 
charge on [0,a^], {—-f- ± 2) D-brane charge on [0,a"] for 1 < j < /c — 2, (^^^^ — 
i(A^o + 2Ni + EjZl{N!j + N!j')) ± 2(2A; - 1)) D-brane charges on (0,a'^_i) and ^ 
on {a'l_^,a'). In the limit of 6i,ai,a^,a^' — a^'_i, the dual theory has gauge group, 
SO{Nc) = S0{3kNf -Nc + 8k-A) and Sp{Nc) = Sp{3kNf -N^-Ak + 2). 

4) SU{Nc) with an adjoint field, a symmetric and conjugate symmetric 
tensors and Nf fundamental flavors (SU{Nc) with an adjoint field, an anti- 
symmetric and conjugate antisymmetric tensors and Nf fundamental flavors) 
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The field X is in the adjoint representation of SU{Nc), Y and Y are ^"(^'^^^^ symmet- 



ric tensor and ^'^(^'^+^) conjugate symmetric tensor representations of SU{Nc) respec- 
tively and there are Nf fundamental multiplets and Nf antifundamental multiplets 
Qr where i,i = 1, ■ ■ ■ , Nf. The superpotential is TiX^^^ + TiXYY where k is odd. Let 
us consider the configuration of points ordered as 

(bi,b[, 62, ■ • ■ , fe 3(fc-i) , b'{, 62, ■ • ■ , b 3(fc-i) , a, 0, a'^ . 

Now we continue to repeat the procedure we have done so far for the case of ordered 
configuration as (61, b'^, 63, 63, 6'/, ^31 0, a') when we consider k = 3 case (Recall that 
when k = 1, the configuration was — A^^i D-brane charge on [0, bi] and — ± 2 on 

3Nf 



[0, a] and on [a, a']. This duality was discussed in [|l8l). After orientifolding, D-brane 
charges are A^i around [&!, 0], ^^2 around [a, 0], N^ around [b'^, 0] and NJ around [bj, 0]. 
Each of them produces ^ D-brane charge around [0, a'] except that Ni D-brane on [0, bi] 
does Nf D-brane charge where A^o + 2A'^i + 2 X]^=i(A'j' + A^f) = A''^. The final configuration 
is given by -A^i D-brane charge on (0, 61), • ■ ■ , - - A^i - ELiW + N^') ± 2) 
D-brane charge on [0, a] and D-brane charge on [a, a']. Finally we see that the dual 
theory has the gauge group SU{Nc) = SU{9Nf — A'c + 4). On the other hand, when 
we consider antisymmetric and its conjuagte tensors with fiavors one we get SU{Nc) = 
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SU{9Nf - 



For the general value of k, after orientifolding D-brane charges are A'^i around [61, 0], 
^ =F 2 around [a,0], A^^' around [b[,0] and N'J around [&",0]. The final configuration 
after we move all the bi,b'-, b" and a to the positive real axis of z-plane is given by — A^i 
D-brane charge on (0, 61), ■ • ■ , the - ^ - Ni-J2~f^ {N^ + Nl')±2) D-brane charge 
on [0,a] and ^hEl D-brane charge on [a, a']. We arrive at the magnetic dual group for 
SU, SU{Nc) = SU{3kNf + A - N^) and that for SU{Nc) with an antisymmetric flavor 
and Nf fundamental flavors is ^[/(iVj = SU{3kNf - 4 - iVj- 

5) SU{Nc) with an adjoint field, an antisymmetric tensor and a conjugate 
symmetric tensor [pi] ]: 



In this case the field X is in the adjoint representation of SU{Nc), the field Y is 
in the ^"^^^^'^^ representation, the field Y in the ^"^^""'"^^ representation and mf^mf) 
fields Q^iQj) in the (anti)fundamental representation. The superpotential is given by 
Ty{XX)^^'^ + TtXYY where k is odd or even. Let us consider the configuration of points 
ordered as 

(ai,6i,6i,---,6fc_i,a2) • 

We wrap A'^i D-branes around the cycle [ci, 61], A^^' D-branes around the cycle [ai, fe^j for 
each i = 1,2, ■ ■ ■ , k — 1 such that A''! -|- Yli=i = ^c, ^'■"^^^"^^^ D-branes around the 
cycle [61,02] and ^("^/+"^/) D-branes around the cycle [6^,02] for each i. We expect that 
the above procedure of case 1) can be applied similarly, for example, k = 2. We wrap 
A^^i D-branes around the three cycle [ai,6i] and A'^^ D-branes around [ai,b'i] such that 
Ni + N[ = Nc and '^("^/+"^/) D-branes around the cycle [61,02] and [6'i,a2] respectively. 
The final configuration after we move bi and b[ to the left of ai in the configuration of 
point ordered as (ai, hi, b[, 02) we get is a configuration of points ordered as (61, b[, ai, 02) 
with ^^imf^mil _ ]Y^^ D-branes wrapped around [6i,6'i] and (3(m/ -|- ffif) — Ni — N2) 
D-branes wrapped around [b[, Ui], 3(mj -|-mj) D-branes wrapped around [ai, 02]. In the 
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limit bi b'l, the gauge group becomes SU{Nc) = SU{3{mf + nif) — Nc). 

For general value of k, the final configuration is a configuration of points ordered as 
{bi,b[,---, cii, 02) with (^^^Ilir+IIlll _ jsj^"^ D-branes wrapped around [bi, b[], (3(mj + 
frif) — Ni — N2) D-branes wrapped around [b[, 62], ■ ' ' ) (^^tiHU^iUhl _ Y^'y^^ Ni) D-branes 
wrapped around [b'j^_i, ai], and ^^('^/+'"/) D-branes wrapped around [ai, 02]. In the limit 
bi,b^ b'j^_^, the gauge group SU{Nc) = gjj (^^hlilllllllA _ jy^) appears. 



I thank Kyungho Oh for helpful discussions and Dept. of Physics, Hanyang Univ. 
for the hospitality where part of this work was done. 
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